Abstract: Local smoothing testing that is based on multivariate nonparametric regression estimation is one of the main model checking methodologies in the literature. However, relevant tests suffer from the typical curse of dimensionality resulting in slow convergence rates to their limits under the null hypotheses and less deviation from the null under alternatives. This problem leads tests to not well maintain the significance level and to be less sensitive to alternatives. In this paper, a dimension-reduction model-adaptive test is proposed for generalized linear models. The test behaves like a local smoothing test as if the model were univariate, and can be consistent against any global alternatives and can detect local alternatives distinct from the null at a fast rate that existing local smoothing tests can achieve only when the model is univariate. Simulations are carried out to examine the performance of our methodology. A real data analysis is conducted for illustration.
Introduction
Consider the following regression model:
here Y is the scalar response, X is a predictor vector of p dimension, g(·) is a known squared integrable continuous function, β is any p-dimensional unknown parameter vector, θ is an unknown parameter of d-dimension, and E(ǫ|X) = 0. Generalized linear model is one of its special cases.
To make statistical inference that is based on regression model reliable, we should carry out some suitable and efficient model checking procedures. There are various proposals in the literature for testing model (1) against a general alternative model:
here G(·) is an unknown smooth function and E(ǫ|X) = 0. Two classes of methods are popularly used: the local smoothing methods and global smoothing methods. For the former type, see Härdle and Mammen (1993) in which the L 2 distance between the null parametric regression and the alternative nonparametric regression was considered. Zheng (1996) proposed a quadratic form conditional moment test which was also independently developed by Fan and Li (1996) . Fan et al. (2001) considered a generalized likelihood ratio test, and Dette (1999) developed a test that is based on the difference of two variance estimates under the null and alternative respectively. For other developments, see also the minimum distance test proposed by Koul and Ni (2004) and the distribution distance test developed by Van Keilegom et al. (2008) . A relevant reference is Zhang and Dette (2004) . For global smoothing methodologyies that are based on empirical processes, the examples include the following methods. Stute (1997) introduced nonparametric principal component decomposition that is based on residual marked empirical process. Inspired by the Khmaladze transformation used in goodness-of-fitting for distributions, Stute et al. (1998b) first developed innovation martingale approach to obtain some distribution free tests. Stute and Zhu (2002) provided a relevant reference for generalized linear models. Khmaladze and Koul (2004) further studied the goodnessof-fit problem for errors in nonparametric regression. For a comprehensive review, see González-Manteiga and Crujeiras (2013). Based on the simulation results in the literature, existing local smoothing methods are sensitive to high-frequency regression models and thus, they often have high power to detect these alternative models. However, a very serious shortcoming is that these methods suffer seriously from the typical curse of dimensionality because of inevitable use of multivariate nonparametric function estimation. Specifically, it results in that existing local smoothing-based test statistics under null hypotheses converge to their limits at rates O(n −1/2 h −p/4 ) (or O(n −1 h −p/2 ) if the test is in a quadratic form) that are very slow when p is large. The readers can refer to Härdle and Mammen (1993) for a typical reference of this methodology. Further, the tests of this type can only detect alternatives distinct from the null hypothesis at the rates of order O(n −1/2 h −p/4 ) (see, e.g. Zheng 1996 ). This problem has been realized in the literature and there are a number of local smoothing tests that apply re-sampling or Monte Carlo approximation to help determine critical values (or p values). Relevant references include Härdle and Mammen (1993) Neumeyer and Van Keilegom (2010) . In contrast, though the rate is of order √ n, most of existing global smoothing methods depend on high dimensional stochastic processes. See e.g. Stute et al. (1998a) . Because of data sparseness in high-dimensional space, the power performance often drops significantly.
Therefore, it is of importance to consider how to make local smoothing methods get rid of the curse of dimensionality when model (1) is the hypothetical model that is actually of a dimension reduction structure. To motivate our method, we very briefly review the basic idea of existing local smoothing approaches. Under the null hypothesis, E(Y − g(β τ X, θ)|X) = E(ǫ|X) = 0 and under the alternative model (2) , E(Y − g(β τ X, θ)|X) = 0. Thus, its empirical version with root-n consistent estimates of β and θ is used as a base to construct test statistics. Its variant is that E(Y |X)−g(β τ X, θ) = 0. The distance between a nonparametric estimate of E(Y |X) and a parametric estimate of g(β τ X, θ) is a base for test statistic construction (see, e.g. Härdle and Mammen 1993) . The test that is based on E(Y − g(β τ X, θ)|X) can detect the alternative model (2) . However, such a very natural idea inevitably involves high-dimensional nonparametric estimation of E(Y |X) or E(ǫ|X). This is the main cause of inefficiency in hypothesis testing with the rate of order O(n −1/2 h −p/4 ) as aforementioned.
To attack this problem, we note the following fact. Under the null hypothesis, it is clear that E(Y − g(β τ X, θ)|X) = E(ǫ|β τ X) = 0. Thus, it leads to another naive idea to construct test statistic that is based on E(Y − g(β τ X, θ)|β τ X). The test statistic construction sufficiently uses the information provided in the hypothetical model. From the technical development in the present paper, it is easy to see that a relevant test can have the rate of order O(n −1/2 h −1/4 ) as if the dimension of X were 1. A relevant reference is Stute and Zhu (2002) when global smoothing method was adopted. But this idea leads to another very obvious shortcoming that as test statistic is completely based on the hypothetical model, and thus it is actually a directional test rather than an omnibus test. It cannot handle the general alternative model (2) . For instance, when the alternative model is E(Y |X) = g(β τ X, θ) + g 1 (β τ 1 X) where β 1 is orthogonal to β and X follows the standard multivariate normal distribution N (0, I p ). Then β τ X is independent of β τ 1 X. When E(g 1 (β τ 1 X)) = 0, it is clear that, still, under this alternative model E(Y − g(β τ X, θ)|β τ X) = 0. Thus, a test statistic that is based on E(Y − g(β τ X, θ)|β τ X) cannot detect the above alternative. Xia (2009) proposed a consistent test statistic by comparing the empirical cross-validation counterparts of the minimum of E 2 (ǫ − E(ǫ|α τ X)) over all unit vectors α with the centered residual sum of squares. When the assumed model is adequate, the centered residual sum of squares should be small. However, this procedure cannot provide the corresponding limiting distributions under the null and alternatives and thus cannot test significance at a nominal level. As was pointed out by the author himself, under the null hypothesis, the rejection frequency tends to 0 as n → ∞. In other words, this method cannot control the significance level in a large sample sense. Further, the computation is also an issue because cross-validation involves intensive computation. The author also provided a single-indexing bootstrap F test. But the consistency of this bootstrap method is not established. Thus, in certain sense it is hard for users to recognize type I and type II error by this test procedure.
Therefore, it is crucial for us to construct a test in the following way: using sufficiently the information under the null model (1) to avoid dimensionality problem as if the dimension of X were 1, and adapting to the alternative model (2) such that the test can detect general alternatives. To achieve this goal, we will apply sufficient dimension reduction technique (SDR, Cook 1998). Define a more general alternative model than model (2) . Note that X can be rewritten as B τ X where B = I p an identity matrix. Model (2) can then be rewritten as E(Y |X) =G(B τ X). It is worth noticing that this reformulation can be for any orthogonal p × p matrix B because when G is an unknown function, the model can be rewritten as G(X) = G(BB τ X) :=G(B τ X). Thus, E(ǫ|X) = 0 is equivalent to E(ǫ|B τ X) = 0, and E(G(X) − g(β τ X, θ)|X) = 0 is equivalent to E(G(B τ X) − g(β τ X, θ)|B τ X) = 0. In other words, the model can be considered as a special multi-index model with p indexes. Based on this observation, we consider a more general alternative model that covers some important models as special cases such as the single-index model and multiindex model:
where B is a p×q matrix with q orthogonal columns for an unknown number q with 1 ≤ q ≤ p and G is an unknown smooth function. When q = p, this model is identical to model (2) , and when q = 1 and B = β/ β is a column vector, model (3) reduces to a single-index model with the same index as that in the null model (1). Thus, it offers us a way to construct a test that is automatically adaptive to the null and alternative models through identifying and consistently estimating B (or BC for an q × q orthogonal matrix) under both the null and alternatives. From this idea, a local smoothing test will be constructed in Section 2 that has two nice features under the null and alternatives: it sufficiently use the dimension reduction structure under the null and is still an omnibus test to detect general alternatives as existing local smoothing tests try to do. To be precise, the test statistic under the null converges to its limit at the faster rate of order
if the test is in a quadratic form), is consistent against any global alternative and can detect local alternatives distinct from the null at the rate of order O(n −1/2 h −1/4 ). This improvement is significant particularly when p is large because the new test does behave like a local smoothing test as if X were one-dimensional. Thus, it is expectable that the test can well maintain the significance level and has better power performance than existing local smoothing tests. The paper is organized by the following way. As sufficient dimension reduction (SDR, Cook 1998) plays a crucial role for identifying and estimating BC for an q × q orthogonal matrix C, we will give a brief review for it in the next section. In Section 2, a dimension-reduction model-adaptive (DRMA) test is constructed. The asymptotic properties under the null and alternatives are investigated in Section 3. In Section 4, the simulation results are reported and a real data analysis is carried out for illustration. The basic idea can be readily used to other test procedures. For details, we leave this to Section 5. The proofs of the theoretical results are postponed to the appendix.
2 Dimension reduction model-adaptive test procedure
Basic test construction
Recall the hypotheses as: almost surely
The null and alternative models can be reformulated as: under the null hypothesis, q = 1 and then B =β = cβ for some scalar c and under the alternative, q ≥ 1. Thus,
Therefore, under H 0 ,
where W (X) is some positive weight function that is discussed below. Under H 1 , we have
The empirical version of the left hand side in (5) can then be used as a test statistic, and H 0 can be rejected for large values of the test statistic. To this end, we estimate E(ǫ|B τ X) by, when a sample {(
. In this formula,ǫ j = y j − g(β τ x j ,θ),β andθ are the commonly used least squares estimate of β and θ,B(q) is a sufficient dimension reduction estimate with an estimated structural dimensionq of q, K h (·) = K(·/h)/hq with K(·) being aq-dimensional kernel function and h being a bandwidth. As the estimations of B and q are crucial to the dimension reduction modeladaption test (DRMA), we will specify them later. When the weight W (·) is chosen to bef (·) wheref (B(q) τ X) is a kernel estimate of the density function f (·) of B τ X and, for anyB(q) τ x i ,
A non-standardized test statistic is defined by
Remark 1. The test statistic suggested by Zheng (1996) is
Compared equation (7) with equation (8) 
Identification and estimation of q and B
Note that B is a parameter matrix in the general regression model (3). In general, B is not identifiable because for any q × q orthogonal matrix C, G(B τ X) can also be written asG(C τ B τ X). Again, similar to what was discussed before, it is enough to identify BC for an q × q orthogonal matrix C. Thus, what we have to do is to identify BC. To achieve this, we will use the sufficient dimension reduction method(SDR, Cook 1998 
A review on discretization-expectation estimation
As described in above, our test procedure needs to estimate the matrix B.
In this subsection, we first assume the the dimension q is known in ahead and then we discuss how to select the dimension q consistently. We first give a brief review of discretization-expectation estimation (DEE), see Zhu et al. (2010a) for details. In sufficient dimension reduction, SIR and SAVE are two popular methods which involve the partition of the range of Y into several slices and the choice of the number of slices. However, as documented by many authors, for instance, Li (1991), Zhu and Ng (1995) and Li and Zhu (2007) , the choice of the number of slices may effect the efficiency and can even yard inconsistent estimates. To avoid the delicate choice of the number of slices, Zhu et al. (2010a) introduced the discretization-expectation estimation (DEE). The basic idea is simple. We first define the new response variable Z(t) = I(Y ≤ t), which takes the value 1 if Y ≤ t and 0 otherwise. Let S Z(t)|X be the central subspace and
Under certain mild conditions, we can have M is equal to the central subspace that contains the central mean subspace S E(Y |X) . For details, readers can refer to Zhu et al. (2010) .
In the discretization step, we construct a new sample {x i , z i (y j )} with z i (y j ) = I(y i ≤ y j ). For each fixed y j , we estimate M(y j ) by using SIR or SAVE. Let M n (y j ) denote the candidate matrix obtained from a chosen method such as SIR. In the expectation step, we can estimate M by M n,n = n −1 n j=1 M n (y j ). The q eigenvectors of M n,n corresponding to its q largest eigenvalues can be used to form an estimate of B. Denote the DEE procedure based on SIR and SAVE be DEE SIR and DEE SAV E respectively. To save space, in this paper, we only focus on these two basic methods. The resulting estimateB(q) can be defined by DEE SIR or DEE SAV E . Zhu et al. (2010a) proved thatB(q) is consistent to BC for a q × q non-singular matrix C and the given q.
A review on minimum average variance estimation
As well known, SIR and SAVE needs the linearity and constant conditional variance conditions for us to successfully estimate S E(Y |X) (Li, 1991, Cook and Weisberg 1991) . In contrast, the minimum average conditional variance Estimation (MAVE) requires fewer regularity conditions, while asks local smoothing in high-dimensional space. In the following, we also apply MAVE to estimate the base vectors of this subspace, see Xia et al. (2002) for details. The estimateB is the minimizer of
The details of the algorithm can be referred to Xia et al. (2002) . The resulting estimateB(q) is also consistent to BC for an q × q orthogonal matrix when q is given. When it is unknown, an estimate of q is involved, which is stated below.
Estimation of the structural dimension q
Consider the DEE-based and MAVE-based estimates. According to Zhu et al
whereλ 1 ≥λ 2 ≥ · · · ≥λ p ≥ 0 are the eigenvalues of M n,n , and D n is a constant to be determined by user. We should note that the first term in the bracket can be considered as likelihood ratio, and the second term is the penalty term with l(l + 1)/2 free parameters when the dimension is l. For MAVE, we instead suggest a BIC criterion that is a modified version of that proposed by Wang and Yin (2008) , which has the following form:
where RRS k is the residual sum of squares, and k is the estimate of the dimension. The form of RSS k is as follows:
here we use B(k) to denote the matrix B when the dimension is k. The estimated dimension is then
Wang and Yin (2008) showed that under some mild conditions,q is also a consistent estimate of q. Therefore, the estimateB(q) is a consistent estimate of BC for a q × q orthogonal matrix C.
It is worth pointing out that these consistencies are under the null and global alternative. Under the local alternatives that will be specified in Section 3, the results are different, we will show the consistency ofq to 1.
Asymptotic properties 3.1 Limiting null distribution
Give some notations first. Let Z = β τ X, σ 2 (z) = E(ǫ 2 |Z = z), and
We will show that V ar is consistent to V ar under the null and local alternatives. This estimation will make the standardized test more sensitive to the alternative. We now state the asymptotic property of the test statistic under the null hypothesis.
Theorem 1.
Under H 0 and the conditions in the Appendix, we have
Further, V ar can be consistently estimated by V ar.
We now standardize V n to get a scale-invariant statistic. According to Theorem 1, the standardized V n is
By the consistency of V ar, the application of the Slusky theorem yields the following corollary.
Corollary 1.
Under the conditions in Theorem 1 and H 0 , we have
where χ 2 1 is the chi-square distribution with one degree of freedom.
From this corollary, we can then calculate p values easily by its limiting null distribution. As a popularly used approach, Monte Carlo simulation can also be used. We will discuss this in the simulation studies in Section 4.
Power study
We now examine the power performance of the proposed test statistic under a sequence of alternatives with the form
where E(η|X) = 0 and the function G(·) satisfies E(G 2 (B τ X)) < ∞. When C n is a fixed constant, it is under global alternative, whereas when C n → 0, the models are local alternatives. In this sequence of models, β is one of the columns in B.
Before presenting the main results about the power performance under the alternative (9), we give the results about the estimatorq of q under the local alternatives. This is because the local alternative converges to the null model and thus, it is expected thatq would also tend to 1.
Theorem 2.
Under the local alternatives of (9), when the conditions in Appendix hold, we have thatq → 1. Hereq is either the DEE-based estimate or the MAVE-based estimate. Now, we are ready to present the power performance. 
(ii) Under the local alternatives of (9),
and T 2 n ⇒ χ 2 1 (µ 2 /V ar), where
here χ 2 1 (µ 2 /V ar) is a noncentral chi-squared random variable with one degree of freedom and the noncentrality parameter µ 2 /V ar.
Remark 2. This theorem reveals two important phenomena when compared with Zheng's test: the new test tends to infinity at the rate of order nh 1/2 whereas Zheng's test goes to infinity at the rate of order nh p/2 a much slower rate to infinity; the new test can detects the local alternatives distinct from the null at the rate of order C n = n −1/2 h −1/4 , whereas the optimal rate for detectable local alternatives the classical tests can achieve is
, see e.g. Härdle and Mammen (1993) and Zheng (1996) .
These two facts shows the very significant improvement of the new test achieved.
4 Numerical analysis
Simulations
We now carry out simulations to examine the performance of the proposed test. Because the situation is similar, we then consider linear models instead of generalized linear models as the hypothetical models in the following studies. Further to save space, we only consider the SIR-based DEE procedure and MAVE in the following. In this section, we consider 3 simulation studies. In Study 1, the matrix B is β under both the null and alternative. Thus, we use this study to examine the performance for the models with this simple structure and compare the performance when DEE and MAVE are used to determine BC for an q × q orthogonal matrix. Study 2 is to check, through a comparison with Stute and Zhu's test (2002), how our test is an omnibus test that has the advantage to detect general alternative models rather than a directional test that cannot do this job. Study 3 is multi-purpose: to check the impact from the dimensionality for both our test and a local smoothing test (Zheng 1996) . It is note that we choose Zheng's test for comparison because 1). it has tractable limiting null distribution and we can see its performance when limiting null distribution is used to determine the critical values (or p values); 2). Like other local smoothing tests, we can also use its re-sampling version to determine the critical values (or p values) to examine its performance. Thus, we use it as a representative of local smoothing tests to make comparison. We also conduct a comparison with Härdle and Mammen's (1993) test in a small scale simulation, the conclusions are very similar and thus the results are not reported in the present paper.
Study 1. Consider
The value a = 0 corresponds to the null hypothesis and a = 0 to the alternatives. In other words, even under the alternative, the model is still singleindexed. In the simulation,
and p is set to be 8. The observations
Further, ǫ follows the standard normal distribution N (0, 1). In this simulation study, the replication time is 2, 000. In the nonparametric regression estimation, the kernel function is taken to be K(u) = 15/16(1 − u 2 ) 2 , if |u| ≤ 1; and 0 otherwise. The bandwidth is taken to be h = 1.5n −1/(4+q) with separately standardized predictors for simplicity. We have this recommended value because to investigate the impact of bandwidth selection, we tried different bandwidth h to be n −1/(4+q) (0.25 + i/4) for i = 0, · · · , 8. For the three models, we found similar pattern we depict in Figure 1 that is under H 11 with X ∼ N (0, Σ 1 ), and the sample size 50 at the nominal level α = 0.05. From this figure, we can see that the test is somehow robust to the bandwidth selection when empirical size is a concern: with different bandwidths, our proposed test can control the size well. On the other hand, the bandwidth selection does have impact for power performance especially when the bandwidth is too small. Overall, from our empirical experience here, h = 1.5n −1/(4+q) is recommendable. Tables 1-3 . Write respectively T DEE n and T M AV E n as the corresponding test statistic T n that is respectively based on DEE and MAVE. From these three tables, we can have the following observations. In all the cases we consider, T DEE n controls the size very well even under the small sample size n = 50. This suggests that we can rely on the limiting null distribution to determine critical values (or p values).
For T M AV E n , our simulations which are not reported here show that the empirical sizes intend to be slightly larger than 0.05. Thus an adjustment on the test statistic is needed. The following size-adjustment would be recommendable:
The test statistic is asymptotically equivalent to T M AV E n , but has better performance in small or moderate sample size. The results shown in Tables 1-3 are with this adjusted test statistic.
As was pointed out in the literature and commented in the previous sections, local smoothing tests usually suffer from dimensionality problem such that they cannot work well in the significance level maintenance with good power performance. Thus, re-sampling techniques are often employed in finite sample paradigms. A typical technique is the wild bootstrap first suggested by Wu (1986) and well developed later (see, e.g. Härdle and Mamenn 1993) . Consider the bootstrap observations:
Here {V i } n i=1 is a sequence of i.i.d. random variables with zero mean, unit variance and independent of the sequence {y i , x i } n i=1 . Usually, {V i } n i=1 can be chosen to be i.i.d. Bernoulli variates with
Let T * n be defined similarly as T n , basing on the bootstrap sample (x 1 , y * 1 ), · · · , (x n , y * n ). The null hypothesis is rejected if T n is bigger than the corresponding quantile of the bootstrap distribution of T * n . The bootstrap versions of T n based on DEE and MAVE are respectively written as T DEE * . These tests are all very sensitive to the alternatives. To be precise, when a increases, the powers can increase very quickly. It seems that the MAVE-based tests tend to be more conservative than the DEE-based tests, and T DEE n can not only control the size satisfactorily but also have high power in the limited simulations. Tables 1-3 about here Further, as commented in Section 1, the test proposed by Stute and Zhu (2002) is also a dimension reduction test that is however a directional test. Specifically, they developed an innovation process transformation of the empirical process
. By introducing the transformation, the test is asymptotically distribution-free, but not an omnibus test though it has been proved to be powerful in many scenarios (see, e.g. Stute and Zhu 2002; Mora and Moro-Egido 2008). We use the following simulation to demonstrate this claim in the finite sample cases.
Study 2. The data are generated from the following model:
Consider two cases of β i . The first is β 1 = (1, 0, 0) τ , β 2 = (0, 1, 0) τ for p = 3; the second one is β 1 = (1, 1, 0, 0) τ / √ 2, β 2 = (0, 0, 1, 1) τ / √ 2 for p = 4. When p = 3, the sample size n = 50, 100, and when p = 4, n = 100. In both the cases, X and ǫ are generated from multivariate and univariate standard normal distribution. Further, consider a = 0.0, 0.3, · · · , 1.5 to examine power performance. Write Stute and Zhu (2002)'s test as T SZ n . To save space, we only present the results of T DEE n in Figure 2 . It is obvious that T DEE n uniformly performs much better than T SZ n . T SZ n can have very low powers. In contrast, T DEE n can efficiently detect the alternatives. Here, we only use this simulation to show T SZ n is a directional test rather than to show T SZ n is a bad test. Actually, it has been proved to be a good test in other scenarios (see Stute and Zhu 2002) . Further, for other comparisons, it will be a comparison between local smoothing tests and global smoothing tests. We will have further investigation in an ongoing research.
Figure 2 about here
To evidence the performance of our test when there are more than one direction under the alternative hypothesis and the impact from dimensionality, we construct the following simulation.
Study 3. The data are generated from the following model:
where
Thus, under the null, we have B = β 1 and under the alternatives, B = (β 1 , β 2 ). In this study, we consider p = 2 and 8 to examine how the dimension affects Zheng's test and ours. The observations x i , i = 1, 2, · · · , n are generated from multivariate normal distribution N (0, Σ j ), j = 1, 2 and ǫ from N (0, 1) and the double exponential distribution DE(0, √ 2/2) with density f (x) = √ 2/2 exp{− √ 2|x|} with mean zero and variance 1 respectively. To save space, we only consider T DEE n and T DEE * n in the following due to their well performance on size control and easy computation.
When p = 2, β 1 = (1, 0) τ and β 2 = (0, 1) τ . The results are reported in Table 4 . From this table, firstly, we can observe that Zheng (1996)'s test T ZH n can maintain the significance level reasonably in some cases, but usually, lower than it. When the bootstrap is used, T ZH * n performs better in this aspect. In contrast, both T DEE n and T DEE * n can maintain the significance level very well. In other words, the DRMA test we developed does not need the assistance from the bootstrap approach, while Zheng's test is eager for. For the empirical powers, we can find that generally, T ZH n and T DEE n have higher powers than their bootstrap version. However, for our tests, the differences are negligible. This again shows that the bootstrap helps little for our test. Whereas Zheng (1996)'s test also needs the help from the bootstrap for power performance. Further, our tests, both T DEE n and T DEE * n are uniformly and significantly more powerful than Zheng (1996)'s test and the bootstrap version. Table 4 about here We now consider the p = 8 case. The results are reported in Table 5 . It is clear that the dimension very significantly deteriorates the performance of Zheng's test. Table 5 indicates that the empirical size of T ZH n is far away from the significance level. The bootstrap can help on increasing the empirical size, but still not very close to the level. In contrast, T DEE n can again maintain the significance level very well and the bootstrap version T DEE * n does not show its advantage over T DEE n . Further, the power performance of T ZH n becomes much worse than that under the p = 2 case shown in Table 4 , even the bootstrap version does not enhance the power, which is much lower than that of T DEE n . This further shows that T ZH n is affected by the dimension badly, while T DEE n is not. The empirical powers of T DEE n and T DEE * n with p = 8 are even higher than those with p = 2. This dimensionality blessing phenomenon is of interest and worthy of a further exploration in another research. Table 5 about here These findings coincide with the theoretical results derived before: existing local smoothing tests have much slower convergence rate ( of order n −1/2 h −p/4 or n −1 h −p/2 if the test is a quadratic form) to their limit under the null and less sensitive to local alternative (at the rate of order n −1/2 h −p/4 to the null) than the DRMA test we developed. The simulations we conducted above shows that the DRMA test can simply use its limiting null distribution to determine critical values without heavy computational burden, and has high power.
Real data analysis
This dataset is obtained from the Machine Learning Repository at the University of California-Irvine (http://archive.ics.uci.edu/ml/datasets/Auto+MPG). Recently, Xia (2007) analysed this data set by their method. The first analysis of this data set is due to Quinlan (1993) . There are 406 observations in the original data set. To illustrate our method, we first clear the units with missing response and/or predictor and get 392 sample points. The response variable Y is miles per gallon (Y ). There are other seven predictors: the number of cylinders (X 1 ), engine displacement (X 2 ), horsepower (X 3 ), vehicle weight (X 4 ), time to accelerate from 0 to 60 mph (X 5 ), model year (X 6 ) and origin of the car (1 = American, 2 = European, 3 = Japanese). Since the origin of the car contains more than two categories, we follow Xia (2007)'s suggestions and define two indictor variables. To be precise, let X 7 = 1 if a car is from America and 0 otherwise and X 8 = 1 if it is from Europe and 0 otherwise. For ease of explanation, all the predictors are standardized separately. Quinlan (1993) aimed to predict the response in terms of the eight predictors X = (X 1 , · · · , X 8 ) τ . To achieve this goal, a simple linear regression model was adopted. However, as was argued in Introduction, we need to check its adequacy to avoid model misspecification. The value of T DEE n is 86.5703 and the p value is 0. The value of T M AV E n is 98.2602 and the p value is also 0. Hence linear regression model is not plausible to predict the response. Figure 3 suggests that a nonlinear model should be used. Moreover, theq is estimated to be 1 by the criterion with DEE in the paper. Thus a single-index model may be applied. 
Discussions
In this paper, we propose a dimension-reduction model-adaptive test procedure and use Zheng's test as an example to construct test statistic. It is readily extended to other local smoothing methods discussed in Section 1. The same principle can be applied to global smoothing methods. To be precise, as discussed in Section 2, under the null hypothesis Y = g(β τ X, θ) + ǫ with E(ǫ|X) = 0, we can have E(ǫ|β τ X) = E(ǫ|B τ X) = 0. While under the alternative
This motivates us to define the following test statistics:
This is different from that in Stute and Zhu (2002) in whichB(q) =β in R n (z) for generalized linear models. As we commented and compared in theoretical development and simulations, Stute and Zhu's (2002) test is a directional test and then is inconsistent under general alternatives. An ongoing project is doing for this. Further, extensions of our methodology to missing, censored data and dependent data set can also be considered. Take the missing response as an example. Let δ i be the missing indicator, that is, δ i = 1 if y i is observed, otherwise it's equal to zero. Assume that the response is missing at random. This means P (δ = 1|X, Y ) = P (δ = 1|X) := π(X). For more details, see Little and Rubin(1987) . Again, we consider to test whether the following regression model holds or not. Namely, H 0 : Y = g(β τ X, θ) + ǫ with E(ǫ|X) = 0 and Y is missing at random. Note that under the null hypothesis E(δǫ/π(X)|β τ X) = E(δǫ/π(X)|B τ X) = 0, while under the alternative E(δǫ/π(X)|B τ X) = 0. Similarly, we can construct a consistent test statistic with the following form:
hereπ(x i ) is an estimate, say, the nonparametric or parametric estimate, of π(x i ),ǫ i = y i − g(β τ x i ,θ) andβ andB(q) is obtained from the complete observed units. Another possible test statistic takes the following form
This corresponds to the test statistics obtained from the complete case. Also we can consider applying the methodology to other testing problems such as testing for homoscedasticity, testing for parametric quantile regression model and testing for conditional parametric density function of Y given X. The relevant research is ongoing.
In summary, the methodology is an general method that can be readily applied to many testing problems.
Appendix. Proof of the theorems

Conditions
The following conditions are assumed for the theorems in Section 3.
is a Borel measurable function on R p for each β, θ and a twice continuously differentiable real function on a compact subset of R p and R d , Λ and Θ for each x ∈ R p ; 2) nh 2 → ∞ under the null (1) and local alternative hypothesis (9) ; nh q → ∞ under global alternative hypothesis (3).
3) The density f (B τ X) of B τ X on support C exists and has 2 bounded derivatives and satisfies 0 < inf
is a spherically symmetric density function with a bounded derivative and support, and all the moments of K(·) exist and U U ⊤ K(U )dU = I.
, is an interior point and is the unique minimizer of the functionS 0n . Σ x = E(m(X, β, θ)m(X, β, θ) τ ) is positive definite. 
Lemmas
Lemma 1. Let M(t) be a p × p positive semi-definite matrix such that span{M(t)} = S Z(t)|X . We can have span{E{M(T )}}=span{E{M(T )ρ(T )}}, here ρ(·) > 0 is some weight function.
Proof of Lemma 1. Let v⊥ span{E{M(T )}}, we can have 0 = E{v τ M(T )v}. Due to the fact that M(t) is semi-definite matrix for any t, we can obtain that M(t)ρ(t)v = 0. In other words, v⊥ span{M(t)ρ(t)} for any t.
Further, we can get E{M(T )ρ(T )v} = 0. Thus v⊥ span{E{M(T )ρ(T )}}. This follows that span{E{M(T )ρ(T )}} ⊆ span{E{M(T )}}. Another direction can be similarly shown. We conclude that span{E{M(T )}}=span {E{M(T )ρ(T )}}.
Lemma 2. Under the null hypothesis and conditions 1)-4), we have
where M (·) is continuously differentiable and
Proof of Lemma 2. Under null hypothesis, B = cβ andB(q) is consistent to B. For notational convenience, denote
Sinceq → 1 in probability, we only need to
Let t i = (y i , x τ i ) τ , then W n1 can be written in a U-statistic with the kernel as
To apply the theory for non-degenerate U-statistic (Serfling 1980 ), we need
Since E(ǫ|X) = 0, it can be derived that E(H n (t i , t j )) = 0. Now, consider the conditional expectation of H n (t i , t j ). Also, it is easy to compute that
DenoteŴ n as the "projection" of the statistic W n1 as:
The last equation follows from the fact that E(l 2 n (t i )) = O(h 2 ) → 0 due to the Lipschitz condition for the function E(M (X l )|·)f (·). As a result, we have
Then for the term W n2 , we have
Since K(·) is spherically symmetric, similar to W n1 , the following term
can be rewritten as a U-statistic. Then we can similarly show that this term is also of order O p (1/ √ n). As ||B(q) − B|| 2 = O p (1/ √ n), and under the condition 1/nh 2 → 0, we can obtain that W n2 = o p (1/ √ n). Thus we can
The proof is completed.
Before we establish the asymptotic theory of our statistic under the null and local alternatives, we develop the following lemma about the asymptotic property ofβ andθ. This is necessary because it is defined under the null hypothesis.
Lemma 3. Under the local alternative and conditions 1), 5), we have
.
Proof of Lemma 3. Under the regularity conditions designed in Jennrich (1969) , similar to the derivation of Theorems 6 and 7 in Jennrich (1969),γ is a strongly consistent estimate of γ. If we let
, we can further have:
=:
Due to the consistency ofΣ for Σ x , we can easily conclude that
Proofs of the theorems
Proof of Theorem 1. First, V n can be decomposed as, noting the symmetry of K h (·),
where V * n denotes the term V n1 − V n2 + V n3 . Consider the term V n2 . Under the conditions designed for Theorem 1, and from Lemmas 2 and 3, we can get that V n2 = O p (1/n). This yields that nh 1/2 V n2 = o p (1). Now we deal with the term V n3 . Rewrite it as
Under null hypothesis, B = cβ andB(q) is consistent to B. A similar argument for proving Lemma 2 can be used to derive that
By the rate ofγ − γ,
Finally, deal with the term V n1 . Note that we have the following decomposition:
For the term V n1,1 , since in this paper, we always assume that the dimension of B τ X is fixed, it is an U-statistic. Note that under the null hypothesis, q = 1 andq → 1. It is easy to derive the asymptotic normality:
. See a similar argument as that for Lemma 3.3 a) in Zheng (1996) . We then omit the details. Denote
An application of Taylor expansion yields
Since K(·) is spherical symmetric, the term
can be considered as an U-statistic. Further note that
Thus the above U-statistic is degenerate. Using a similar argument for the term V n1,1 above, together with
. Thus we can have nh 1/2 V n1 → N (0, V ar). Combining the above results for the terms V ni , i = 1, 2, 3, we conclude that
Since V ar is actually unknown, an estimate is defined as
As the proof is rather straightforward, we then only give a very brief description. Sinceβ is consistent under the null hypothesis, some elementary computations lead to an asymptotic presentation:
Using a similar argument as that for Lemma 2, we get
The consistency will be derived by using U-statistic theory. The proof is finished.
Proof of Theorem 2. We first investigate theq determined by the BIC criterion for DEE. We also adopt the same conditions as those in Theorem 4 of Zhu et al. (2010a) . From the argument used for proving Theorem 3.2 of Li et al. (2008), we can know that to obtain that M n,n −M = O p (C n ), we only need to show that
here Σ is the covariance matrix of X, µ j = E(X|Z(t) = j) with j = 0 and 1 and p = E(I(Y ≤ t)). Further note that
Thus from Lemma 1, M(t) can also be taken to be
For ease of illustration, we denote m(t) = E{(X − E(X))I(Y ≤ t)}, then
Thus, M n (t) can be taken to be
Denote the response under the null and local alternative as Y and Y n respectively. Note that
By the Lindeberg-Levy central limit theorem, the first term has the rate of order O p (n −1/2 ). Now we consider the second term. Note that
Recall that Y n = Y + C n G(B τ X) and denote the conditional density and distribution function of Y given X as f Y |X (·) and F Y |X (·) respectively. We can then have
From this, we can conclude that n −1 n i=1
Finally, similar to the argument used for proving Theorem 3.2 of Li et al. (2008) , M n,n − M = O p (C n ). Now we turn to prove the consistency of BIC criterion-based estimate when DEE is used. By the definition in Section 2, for l > 1, we have
) and λ i = 0 for any i > 1. We can obtain that
log (λ i + 1) −λ i → b in probability for some b < 0. Taking D n = n 1/2 and C n = n −1/2 h −1/4 , it is easy to see that
Since l(l + 1) > 2 for any l > 1, P (G(1) > G(l)) → 1. In other words,P (q = 1) → 1.
From Zhu et al. (2010a) , the matrix M that is based on either SIR or SAVE can satisfy the consistency M n,n requires. Thus, the estimateq that is based on DEE SIR or DEE SAV E can have the above consistency. We then omit the detail here.
We now turn to consider theq being selected by the BIC criterion with MAVE. Assume the same conditions in Wang and Yin (2008) , and for simplicity assume that X has a compact support over which its density is positive. Recall the definition of B(k) for any k, we have that Y = E(Y |B τ (k)X) + ǫ, where E(ǫ|B τ (k)X) = 0. Suppose that the orthogonal p × k matrixB(k) is the sample estimate of B(k).
Note that under the local alternative hypothesis (9), we can have
Similar to the argument used in Wang and Yin (2008) , under the local alternatives, we have
The second equation is based on the fact that E{η[G(B τ X)−E(G(B τ X)|B τ (k)X)]} = 0 by using E(η|X) = 0. Consequently, the following results hold:
Recall that the BIC criterion is BIC k = log(RSS k /n)+log(n)k/ min(nh k , √ n).
Thus we can obtain that
Consider the term log(RSS k /RSS 1 ) first. We can easily get
. Then we can get, for large n,
Also note that √ nC 2 n = o(1) where C n = n −1/2 h −1/4 . Thus for k = 2 and 3, in probability,
. Then in probability we have
for k > 4. Finally, consider k = 4. In this situation, nh k k,opt = √ n and thus
Then, it is easy to see that in probability
Hence, for large n,q → 1. We finally conclude that P (BIC k > BIC 1 ) → 1 for any k > 1. In other words, P (q = 1) → 1.
Proof of Theorem 3. We first consider the global alternative (3) . Under this alternative, Proposition 1 shows thatq → q ≥ 1. According to White (1981) ,γ is a root-n consistent estimator ofγ 0 which is different from the true value γ under the null hypothesis. Let ∆(
. It is then easy to see that V n ⇒ E(∆ 2 (X)f (B τ X)) by using the U-statistics theory. Similarly, we can also have that in probability V ar converges to a positive value which is different from V ar. Then obviously, we can obtain that T n /(nh 1/2 ) → Constant > 0 in probability.
Under the local alternatives (9), V n has the following decomposition by
Taylor expansion:
where (14), it follows that
From Lemma 2, we have V n2,1 = O p (n −1/2 ). It can also be proved that
Now, we turn to consider the term V n3 . It is easy to see that
As a result, when C n = n −1/2 h −1/4 , we obtain
Now we investigate the term V n1 in (14) , it can be decomposed as:
From the proof of Theorem 1 and the conclusion of Lemma 2, we have
Combining equations (15) , (16) and (17), we can have
here H(X) = G(B τ X)m(X, β, θ). Let T n be the standardized version of V n of the form:
Note that when C n = n −1/2 h −1/4 , V ar is still a consistent estimate of V ar. From Lemma 3, we can easily have thatβ is also consistent under the local alternative. Thus bothβ and V ar are still consistent to β and V ar under the local alternatives. Thus T 2 n ⇒ χ 2 1 (µ 2 /V ar). When C n has a slower convergence rate than n −1/2 h −1/4 , the above arguments can show that the test statistic goes to infinity in probability. The details are omitted. Theorem 3 is proved. T DEE * n n = 50 n = 100 n = 50 n = 100 n = 50 n = 100 n = 50 n = 100 T DEE * n n = 50 n = 100 n = 50 n = 100 n = 50 n = 100 n = 50 n = 100 
